Abstract. In this paper we give the characterization of Fuchsian groups acting on quaternionic hyperbolic 2-space.
Introduction
The following theorem is found by B.Maskit in [5] (p108). Theorem 1.1. Let G ⊂ SL(2, C) be a non-elementary Kleinian group in which tr 2 (g) ≥ 0 for all g ∈ G. Then G is Fuchsian.
Here, we say that a Kleinian group is elementary if its limit set consists of at most two points, and the others are called non-elementary. One well-known fact is that a non-elementary Kleinian group contains at least two loxodromic elements with distinct fixed points. Furthermore, a Kleinian group is called Fuchsian if it keeps invariant a disk in Riemann sphere. This theorem gives a sufficient condition for a Kleinian group to be Fuchsian group in the group of holomorphic isometries in real hyperbolic plane. After that, B.Xie proved similar result in complex hyperbolic case in [6] . In complex hyperbolic space, there is no totally geodesic submanifold of codimension one, but there are two kinds of totally geodesic submanifolds of codimension two. Hence there are two kinds of Fuchsian groups, called C-Fuchsian and R-Fuchsian. Therefore we say a Kleinian group G in the group of holomorphic isometries of complex hyperbolic space is Fuchsian if G is either C-Fuchsian or R-Fuchsian. The following is the B.Xie's result. Theorem 1.2. Let G ⊂ SU(2, 1) be a non-elementary complex hyperbolic Kleinian group containing hyperbolic elements. Then G is Fuchsian if and only if every element of G has real trace.
Here, SU(2, 1) is the group of holomorphic isometries of complex hyperbolic 2-space.
In this notes, we show that similar result holds in quaternionic hyperbolic case. The main theorem is the following. Theorem 1.3. Let G ⊂ Sp(2, 1) be a non-elementary quaternionic hyperbolic Kleinian group in which every element of G has a real trace. Then G is Fuchsian.
The rest of this paper is organized as follows. In §2, we give some necessary preliminaries on quaternionic hyperbolic space and in §3, we prove the main theorem.
Preliminaries
For real hyperbolic case, we recommend Maskit's book [5] , and for the complex hyperbolic case, B. Xie's paper [6] 
t ∈ H 2,1 . One model of a quaternionic hyperbolic space H 2 H , which matches the second Hermitian form and we will use throughout this paper, is the Siegel domain S. It is defined by identifying points of S with their horospherical coordinates, p = (ζ, v, u) ∈ H×Im(H)×R + . The boundary of S is given by (H × Im(H)) ∪ {∞}, where ∞ is a distinguished point at infinity. Define a map ψ : S → PH 2,1 by
Then ψ maps S homeomorphically to the set of points p in PH 2,1 with p, p < 0, and maps ∂S homeomorphically to the set of points p in PH 2,1 with p, p = 0. We write ψ(p) = p. There is a metric on S is called the Bergman metric and the isometry group of H 2 H with respect to this metric is
, we adopt the convention that the action of Sp(2, 1) on H 2 H is left and the action of projectivization of Sp(2, 1) is right action. If we write
A −1 is written as
Then, from AA −1 = A −1 A = I, we get the following identities.
Similar to the complex hyperbolic space, totally geodesic submanifolds of quaternionic hyperbolic space are quaternionic line, complex line, H 2 C , and H 2 R . Then we say a Kleinian group G in the group of holomorphic isometries of quaternionic hyperbolic space is Fuchsian if G leaves invariant one of the above submanifolds. The following propositions are needed in the proof of the main theorem. Proposition 2.1. For two nonzero quaternions a and b, if ab ∈ R and b is purely imaginary, then a is also purely imaginary.
Proof. Let a = a 0 + a 1 i + a 2 j + a 3 k and b = b 1 i + b 2 j + b 3 k, where a t , b t ∈ R for t = 0, 1, 2, 3. Then our claim is that a 0 = 0. Suppose not. 
2.2. Quaternionic Cartan angular invariant. The Cartan angular invariant is well-known invariant in complex hyperbolic geometry, but in quaternionic hyperbolic geometry, B.N.Apanasov and I.Kim first defined it in [1] . Here we give the definition and some properties which will be used in the proof of the main theorem.
The quaternionic Cartan angular invariant
3 is the angle between the first coordinate line Re 1 = (R, 0, 0, 0) ⊂ R 4 ∼ = H and the radius vector of the quaternion equal to the Hermitian triple product p 1 , p 2 , p 3 = p 1 , p 2 p 2 , p 3 p 3 , p 1 ∈ H. Then A H (p) is independent of the choice of the lifts and 0 ≤ A H (p) ≤ π/2. Furthermore, A H (p) is invariant under permutations of the points p i . An important fact on quaternionic Cartan angular invariant worth taking note of for our purposes is the following. 
Proof of the main Theorem
We may assume that a loxodromic element A fixes 0 and ∞, and B is an arbitrary loxodromic element in G. In terms of matrices, we can and λ > 1.(See [3] or [4] ) We claim that µ and ν are real number, so one of ±1 for µ, ν ∈ Sp(1). Since trA = λµ + ν + µ/λ ∈ R, writing µ = µ 1 +µ 2 i+µ 3 j +µ 4 k and ν = ν 1 +ν 2 i+ν 3 j +ν 4 k for µ t , ν t ∈ R where t = 1, 2, 3, 4, trA = (λ+1/λ)(µ 1 +µ 2 i+µ 3 j+µ 4 k)+(ν 1 +ν 2 i+ν 3 j+ν 4 k) ∈ R. Hence (λ + 1/λ)µ t + ν t = 0 for t = 2, 3, 4. Furthermore,
If µ 2 = µ 3 = µ 4 = 0, then, by above identity, ν 2 = ν 3 = ν 4 = 0, so µ and ν are real number and µ, ν ∈ {1, −1}. If there is at least one nonzero number among {µ 2 , µ 3 , µ 4 },
By calculation, the i-part is
and which must be zero. Since λ > 1, µ 1 µ 2 = 0. By repeating the same argument for j-part and k-part, we get µ 1 µ 3 = µ 1 µ 4 = 0. Since there is a nonzero number among {µ 2 , µ 3 , µ 4 }, µ 1 = 0 and hence ν 1 = 0. That is, µ and ν are purely imaginary. Then we can write µ = µ 2 i+µ 3 j +µ 4 k and ν = −(λ + 1 λ )(µ 2 i + µ 3 j + µ 4 k). It contradicts that µ, ν ∈ Sp(1) for λ > 1. Therefore µ, ν = ±1 and we proved the claim. Hence are all real. Solving for a, e, and l, we get a, e, l ∈ R. This shows that every element of G has real diagonal elements. Now let's consider the following two matrices of B 2 and B ′ = BAB −1 .
Since diagonal elements of B 2 are real and a, e, l are real, we get bd + cg, db+f h, gc+hf ∈ R. Similarly, from B ′ , bh+cg/λ, λdf +f d/λ, λgc+ hb ∈ R. By the identity al + bh + cg = 1, we know that bh + cg is real and combining it with bh + cg/λ is real, we get bh and cg are real. Also, from df + |e| 2 + f d = 1, df + f d is real and combining it with λdf + f d/λ is real, df is also real. By the way, the (1, 1)-entry of B 2 AB −1 is
Since a, e, l, bh, cg, and bd + cg are real, 1 λ bf g + c|h| 2 ∈ R.
From the identities gl + |h| 2 + lg = 0 and dl + eh + f g = 0,
In the last equation, we use the fact that e and l are real. Since bh and cg are real, we get (cg + 1 λ bd)l ∈ R.
bd ∈ R, and since cg + bd ∈ R, we obtain cg, bd ∈ R. Then, by Proposition 2. Calculating the quaternionic Cartan angular invariant of three points 0, ∞, B(0), since 0, ∞, B(0) = lc ∈ R, A H (0, ∞, B(0)) = 0. Hence, by Proposition 2.3, these three points lie in an R-circle, so we may
